Abstract. -We give effective upper bounds for the number of purely inseparable points on non isotrivial curves over function fields of positive characteristic and of transcendence degree one. These bounds depend on the genus of the curve, the genus of the function field and the number of points of bad reduction of the curve. We also give a new proof of a theorem of Kim, which asserts that a non isotrivial curve of genus at least two over a function field of positive characteristic and of transcendence degree one has only finitely many purely inseparable points.
Introduction
I am very happy to have the possibility to dedicate this article to Gerhard Frey, who made so many interesting contributions to number theory. An electronic correspondence with him on the subject of Kim's article [5] prompted me to look for effective upper bounds for the number of perfect points on curves and the present text summarises what I found.
Let k be an algebraically closed field of characteristic p > 0. Let K be the function field of a smooth and geometrically connected curve B over k. Let C be a smooth and geometrically connected curve over K. Let g B (resp. g C ) be the genus of B (resp. C). We shall denote by A the Jacobian of C over K. We let Σ ⊆ B be the set of closed points of bad reduction of A and we let N = #Σ. Suppose that g C > 0 and that C(K) = ∅. We suppose that C is not isotrivial over K. By definition, this means that there is no finite field extension L|K, such that C L ≃ C 0,L , where C 0 is smooth curve over k. We choose an algebraic closureK of K and we denote by K perf := i≥0 K p −i ⊆K the perfection of K.
The elements of C(K perf ) will be called the perfect points or purely inseparable points of C.
We shall prove
(b) Suppose that the Jacobian A of C has semiabelian reduction over B.
Let ℓ 0 ≥ 1 be such that
Let ℓ be the smallest integer such that ℓ ≥ ℓ 0 and p ℓ > 2g C − 2. Then:
Note that inequality (1) is a condition on both p and ℓ 0 . For a fixed ℓ 0 (for example ℓ 0 = 1) it is satisfied if p is large enough. On the other hand, if
then it will be satisfied for any sufficiently large ℓ 0 . This proves in particular the following corollary. Remark 1.4. -Let L|K be a finite field extension. If g C > 1 then C(L) is finite. This is a consequence of (a strong form of) the Mordell conjecture over function fields (see [8] ). Outline of the proof of Theorem 1.1. The basic idea behind the proof Theorem 1.1 comes from M. Kim's article [5] . However, unlike him we make use of the connected component of the Néron model of A and of the theory of semistable sheaves in positive characteristic (whereas Kim's method relies on the minimal regular model of C and the theory of heights). The proof is in several steps.
Corollary 1.2. -Suppose that the Jacobian
Step (1) We associate with a perfect point of degree p ℓ over K a non vanishing map of K-
Here ω is the Hodge bundle of the connected component of the Néron model of A, ie its sheaf of differentials restricted to the zero section. This map is basically just a restriction map (see details below).
Step (2) We quote a result from [7] stating that the poles of this map only have logarithmic singularities along the points of bad reduction of A, so that it extends to a morphism of vector bundles F
•ℓ, *
Step (3) From a result of Szpiro (see below for references), we know that deg B (ω) > 0 and thus ω contains a semistable subsheaf ω 1 of positive slope. If the semistability of ω 1 were preserved under iterated Frobenius pull-backs, we could conclude that if ℓ is large enough, the image of F
•ℓ, * B (ω 1 ) in Ω B/k would vanish. Choosing a non-zero differential form λ ∈ ω 1,K , we could conclude that λ vanishes on all the perfect points of sufficiently large degree. This would immediately show that there is only finitely many such points. However, we cannot assume that the semistability of ω 1 is preserved under iterated Frobenius pull-backs.
Step (4) To deal with this last issue, we use a result of Langer, which gives a numerical measure for the lack of semistability of Frobenius pull-backs of semistable sheaves. Using this, up to making assumption on p and ℓ, we can basically pull through Step (3).
The structure of the paper is as follows. In section 2 we recall the results from the theory of semistability of vector bundles on curves that we shall need. In section 3, we prove Theorem 1.1.
Notation.
If S is a scheme of characteristic p, we write F S for the absolute Frobenius endomorphism of S. If T is a scheme over S, we write T (p n ) for the base-change of T by
For any integral scheme W we write κ(W ) for the local ring at the generic point of W (which is a field).
Semistable sheaves
We shall need some terminology and results from the theory of semistability of vector bundles over curves. W ⊆ V , we have µ(W ) µ(V ) (recall that a coherent subsheaf of V is automatically locally free, because it is torsion free and B is a Dedekind scheme).
Let V be a non zero vector bundle on B. There is a unique filtration by coherent subsheaves
such that all the sheaves V i /V i−1 (1 i hn(V )) are (vector bundles and) semistable and such that the sequence µ(V i /V i−1 ) is strictly decreasing. This filtration is called the Harder-Narasimhan filtration of V (shorthand: HN filtration). One then defines
One basic property of semistable sheaves that we shall use is the following. If V and W are non zero vector bundles on B and µ min (V ) > µ max (W ) then Hom B (V, W ) = 0. This follows from the definitions.
See [3, chap. 5] (for instance) for all these notions.
If V is a non zero vector bundle on B we say that V is Frobenius semistable if F
•r, * Y (V ) is semistable for all r ≥ 0. The terminology strongly semistable also appears in the literature. Note that since F B is flat, this implies that if V and W are non zero vector bundles on B andμ min (V ) >μ max (W ) then we also have Hom B (V, W ) = 0.
For use below, we note that one can show that the sequence µ min (F
is weakly decreasing (resp. increasing). See [6, p. 258, before Cor.
2.5].
We shall need the following numerical estimate. To formulate it, let V be a non zero vector bundle on B and let
By the preceding remark, we have α(V ) ≥ 0.
Theorem 2.2 (Langer). -We have
Proof. See [6, Cor. 6.2].
Proof of Theorem 1.1
We let A be the connected component of the identity of the Néron model of the Jacobian A of C over B. We suppose throughout the proof that A is a semiabelian scheme. In (b), this is an assumption and in (a), we may assume it without restriction of generality, since A will acquire semiabelian reduction on a finite extension of K by a classical result of Grothendieck.
We Let us write f : A → Spec(K) (resp. π : A → B) for the structural morphism. In particular f = π K .
Choose once and for all an element of C(K) to determine an embedding of C into its Jacobian and write ι : C ֒→ A for this embedding. Write g : C → Spec(K) for the structural morphism.
Fix ℓ 0 ≥ 1.
Note that by construction we have ℓ ≥ ℓ 0 . The point P gives rise to a commutative diagram
where P is a closed immersion. This diagram induces morphisms of differentials
In particular, both arrows in (2) are surjective maps of K-vector spaces, since ι and P are closed immersions.
Recall that we have a canonical isomorphism Ω π ≃ π * (ω A ), since A is a group scheme over B. Thus we have a canonical isomorphism
Composing this isomorphism with the two arrows in (2), we obtain a map
which obviously depends on P .
We shall now make use of the following result:
extends to a morphism of vector bundles
Proof. See [7, Lemma B.2] .
Write b : B → Spec(k) for the structural morphism. Note that we have an exact sequence
and a standard computation shows that the first arrow in the sequence vanishes. Hence we have a canonical isomorphism
and since F
•ℓ k is an isomorphism (because k is perfect), we have a canonical isomorphism
In particular,
is a line bundle. This implies in particular that the arrow
is an isomorphism because both P * (Ω g ) and Ω F •ℓ K are K-vector spaces of dimension one and the arrow is surjective.
We shall now try to exhibit a differential form on C, which vanishes on the non rational perfect points of C.
Recall that we know that deg B (ω) > 0. In particular, we must have µ max (ω) > 0. Let ω 1 be the first step of the HN filtration of ω. By definition, we have µ(ω 1 ) = µ max (ω). Suppose now until further notice that the inequality
Thus inequality (3) is equivalent to the inequality
We then have p
(by the definition of α(•)) and thus
This implies that φ P (F is an isomorphism, we can conclude that the arrow
vanishes.
Now fix λ ∈ ω 1,K with λ = 0. Recall that the canonical map
induced by ι is an isomorphism, because A is the Jacobian of C. Via the identification ω K ≃ H 0 (A, Ω f ), the element λ corresponds an element of H 0 (A, Ω f ) and thus to a non zero element λ C of H 0 (C, Ω g ). Since the arrow (5) vanishes, we conclude that P is contained in the vanishing locus Z(λ C ) of λ C . We have
In particular, since P ∈ C(K perf )\C(K p −ℓ 0 +1 ) was arbitrary, we see that
Furthermore, we see that p ℓ = [κ(P ) : K] ≤ 2g B − 2.
